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AJ3STRACT 

The Particles and Fields subsatellite w.ill be 
ejected from the Apollo 15 Service Module and spin stabilized 
at 12 R P M  with its spin axis approximately normal to the 
ecliptic plane. The principal investigator for the magnetometer 
experiment desires that the spin axis of the subsatellite be 
maintained within 35' of the normal to the ecliptic plane for 
a period of one year and that the attitude of the spin axis 
be determined with an uncertainty of about one degree or less. 
It is desirable to determine the spin axis attitude using only 
the single sun aspect angle sensor currently included in the 
subsatellite design rather than to modify the design by 
adding another sensor. 

A Kalman filter can be used to estimate the attitude 
of the satellite based on solar aspect angle measurements made 
periodically by the sun sensor on the subsatellite and tele- 
metered to the ground for processing. The system dynamics, 
consisting of the precession of the satellite angular momentum 
vector in response to the lunar gravity gradient torque, is 
influenced indirectly by the anomalies in the lunar gravity 
field. T h e  oblateness and higher order terms cause changes in 
the satellite orbital elements which in turn influence the 
gravity gradient torque. The analysis presented uses a computer 
statistical simulation of a Kalman filter attitude estimator. 

The results indicate that the spin axis attitude can 
be estimated adequately using only an initial attitude estimate 
and sun aspect angle measurements made over a time period of 
about 60 clays. In addition, the spin axis should remain 
acceptably close to the normal to the ecliptic plane. 
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SUBJECT: Subsatellite Attitude Determination DATE: November 20, 1970 
Case 310 

FROM: W. 0 .  Covington 

MXMORANDUM FOR FILE 

INTRODUCTION 

The Particles and Fields subsatellite will be 
ejected from the Apollo IS Service Module and spin stabilized 
at 12 F P M  with its spin axis approximately normal to the 
ecliptic plane. The subsatellite is a 14 inch diameter, 
30 inch long prism with three 60 incn booms extending radially 
from one end of the prism. A magnetometer is mounted on the 
end of one of the booms. 

The principal investigator for the magnetometer 
has two fundamental attitude requirements. First, he desires 
that the spin axis of the subsatellite be maintained within 
35' (20 '  design goal) of the normal to the ecliptic plane for 
a period of one year. Second, he desires that the attitude 
of the magnetometer be determined with an uncertainty of about 
one degree or less. 

It is desirable to determine the spin axis attitude 
using only the single sun aspect angle sensor currently 
included in the subsatellite design rather than to modify 
the design by adding another sensor. This sensor measures 
the angle between the satellite axis of symmetry and the line- 
of-sight to the sun. The ability to determine the spin axis 
attitude using only one sensor has been investigated and is 
reported in this memo. 

After being ejected at 4 fps normal to the CSM 
orbit plane with spin axis aligned approximately normal to the 
ecliptic plane, gravity gradient torque acts on the spin- 
stabilized satellite causing its angular momentum vector to 
precess. If the lunar gravity field were spherical and the 
earth and sun were not present, the orbit plane would remain 
fixed in space, and the subsatellite angular momentum vector 
would precess about a normal to the orbit plane in a manner 
similar to the precession of the equinoxes of the earth. 
However, the non-spherical lunar gravity field and the gravity 
field of the earth cause changes in the elements of the sub- 
satellite orbit which are manifested as changes in the orienta- 
tion of the lunar gravity field with respect to the satellite 
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a t t i t u d e .  Th i s  e f f e c t  i n f l u e n c e s  s u b s t a n t i a l l y  t h e  g r a v i t y  
g r a d i e n t  t o r q u e  a c t i n g  on t h e  s a t e l l i t e .  T o  a s s u r e  t h a t  
magnet ic  and so la r  r a d i a t i o n  p r e s s u r e  t o r q u e s  and e a r t h  and 
sun  g r a v i t y  g r a d i e n t  t o r q u e s  can be n e g l e c t e d ,  an estimate of 
t h e  magnitude of  t h e s e  to rques  w a s  made and compared w i t h  
t h e  magnitude of  t h e  l u n a r  g r a v i t y  g r a d i e n t  t o r q u e .  

TRW h a s  performed a s t u d y  o f  t h e  s p i n  a x i s  
p r e c e s s i o n  ra tes  w i t h  t h e  moon modeled as an  o b l a t e  s p h e r o i d  
and has  concluded t h a t  t h e  s p i n  a x i s  can be ma in ta ined  w i t h i n  
3 5 "  t o  t h e  normal t o  t h e  e c l i p t i c .  T h e i r  s t u d y  i n c l u d e d  
v a r i o u s  i n i t i a l  s p i n  a x i s  o r i e n t a t i o n s  and wedge a n g l e s  
between t h e  e c l i p t i c  p l a n e  and t h e  o r b i t a l  p l a n e .  To v e r i f y  
t h e  TRW conc lus ion ,  a few computer r u n s  w e r e  made i n  t h i s  s t u d y  
w i t h  t h e  moon modeled as an L-1 g r a v i t y  f i e l d  ( c u r r e n t l y  used 
as t h e  g r a v i t y  model f o r  Apollo m i s s i o n s )  and i n c l u d i n g  t h e  
e f f e c t  of  t h e  Ea r th .  However, t h e  p r e s e n t  s t u d y  i s  m o s t  
concerned w i t h  t h e  a b i l i t y  t o  es t imate  a c c u r a t e l y  t h e  a t t i t u d e  
o f  t h e  s a t e l l i t e  based on sun  s e n s o r  data .  

2. ATTITUDE DETERMINATION 

A Kalman f i l t e r  can be used t o  estimate t h e  a t t i t u d e  
of  t h e  s a t e l l i t e  based on s o l a r  a s p e c t  a n g l e  measurements 
made p e r i o d i c a l l y  by t h e  sun  senso r  on t h e  s u b s a t e l l i t e  and 
telemetered t o  t h e  ground f o r  p r o c e s s i n g .  An est imate  of t h e  
i n i t i a l  s p i n  a x i s  a t t i t u d e  a l m g  w i t h  ar, est imate  of t h e  
measurement e r r o r  can be  used t o  improve t h e  a t t i t u d e  es t imate  
as sun  a n g l e  data  are rece ived .  

The magnitude of t h e  g r a v i t y  g r a d i e n t  t o r q u e  a c t i n g  
on t h e  s a t e l l i t e  depends upon t h e  d i f f e r e n c e  between t h e  s p i n  
a x i s  moment of  i n e r t i a  and t h e  t r a n s v e r s e  moment of  i n e r t i a .  
The smaller  t h i s  d i f f e r e n c e ,  t h e  less w i l l  be t h e  magnitude 
o f  g r a v i t y  g r a d i e n t  t o rque .  However, t h e  d i f f e r e n c e  canno t  
b e  reduced t o  zero s i n c e  t h e  s a t e l l i t e  must have unequal  
moments of  i n e r t i a  f o r  s p i n  s t a b i l i z a t i o n .  TRW used a s p i n -  
a x i s - t o - t r a n s v e r s e  moment of i n e r t i a  r a t i o  o f  1 . 0 9 1  i n  t h e i r  
p r e c e s s i o n  a n a l y s i s ,  and t h i s  v a l u e  w a s  a l so  used  (wi th  a 

s p i n  a x i s  moment of i n e r t i a  of 1 . 4  s l u g  f t  ) i n  t h i s  a t t i t u d e  2 

d e t e r m i n a t i o n  a n a l y s i s .  ( 2 )  

The system dynamics, c o n s i s t i n g  of t h e  p r e c e s s i o n  
of t h e  s a t e l l i t e  a n g u l a r  momentum v e c t o r  i n  r e sponse  t o  t h e  
l u n a r  g r a v i t y  g r a d i e n t  t o rque ,  i s  i n f l u e n c e d  i n d i r e c t l y  by 
t h e  anomalies  i n  t h e  l u n a r  g r a v i t y  f i e l d .  The o b l a t e n e s s  and 
t h e  h i g h e r  o r d e r  t e r m s  cause  changes i n  t h e  s a t e l l i t e  o r b i t a l  
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e lements  which i n  t u r n  i n f l u e n c e  t h e  g r a v i t y  g r a d i e n t  t o r q u e .  
I n  t h e  real-t ime f i l t e r ,  t h e  o r b i t a l  e lements  of t h e  s u b s a t e l -  
l i t e  w i l l  be e s t i m a t e d  p e r i o d i c a l l y  from M S F N  d a t a .  These 
f r equen t ly -upda ted  e lements  can be used i n  t h e  a t t i t u d e  f i l t e r ,  
precluciing t h e  requi rement  f o r  a h i g h l y  a c c u r a t e  l u n a r  g r a v i t y  
model. 

The sun  s e n s o r ,  which measures t h e  a n g l e  between 
t h e  s a t e l l i t e  a x i s  of symmetry and a l i n e - o f - s i g h t  t o  t h e  
sun ,  c o n s i s t s  o f  a pho tode tec to r  and an a p e r t u r e  shaped t o  
g e n e r a t e  a 5 v o l t  p u l s e  of width 0 . 0 5  t o  0 . 2 5  of a s p i n  p e r i o d ,  
depending on t h e  e l e v a t i o n  of t h e  sun  above t h e  s a t e l l i t e  
e q u a t o r i a l  p l a n e  normal t o  t h e  a x i s .  S i n c e  t h e  i n t e n s i t y  
t h r e s h o l d  is  se t  t o  respond t o  an  i l l u m i n a t i o n  o f  30% of  s o l a r  
i n t e n s i t y  o r  g r e a t e r ,  t h e  e a r t h  and t h e  moon produce no o u t p u t .  
TRW estimates i n f o r m a l l y  t h a t  t h e  u n c e r t a i n t y  i n  t h e  sun 
a n g l e  measurement i s  approximately 1 / 2  degree. 

The i n i t i a l  a t t i t u a e  of  t h e  s a t e l l i t e  s p i n  a x i s  
canno t  b e  e s t i m a t e d  d u r i n g  t h e  f i r s t  few days as a c c u r a t e l y  
as t h e  a t t i t u d e  l a t e r  i n  t i m e  a f t e r  much sun  s e n s o r  d a t a  has  
been f i l t e r e d .  A t  t h i s  l a t e r  t i m e  t h e  accuracy  of  t h e  i n i t i a l  
a t t i t u d e  estimate can be  g r e a t l y  improved by i n t e g r a t i n g  t h e  
c u r r e n t  a t t i t u d e  estimate backward i n  t i m e .  Th i s  t e c h n i q u e  
w i l l  p e r m i t  e a r l y  magnetometer data  t o  be p r o p e r l y  i n t e r p r e t e d  
l a t e r  i n  t h e  mis s ion  a f t e r  more sun a n g l e  measurements have 
been made. 

3. COMPUTER SIMULATION 

The a n a l y s i s  p re sen ted  h e r e  u s e s  a computer s t a t i s -  
t i c a l  s i m u l a t i o n  of  a Kalman f i l t e r  a t t i t u d e  es t imator .  A 
charac te r i s t ic  o f  t h e  Kalman f i l t e r  i s  t h a t  t h e  e s t i m a t e d  
s t a t e  e r r o r  cova r i ance  ma t r ix  depends upon t h e  i n i t i a l  v a l u e  
of t h i s  m a t r i x ,  t h e  e s t ima ted  measurement error c o v a r i a n c e  
m a t r i x  and t h e  measurement schedule ,  and is  independent  of  t h e  
a c t u a l  measurements. This  charac te r i s t ic  can be used  t o  
s i m u l a t e  t h e  performance of t h e  f i l t e r  w i t h o u t  a c t u a l l y  making 
measurements. The r e s u l t s  ind ica te  t h e  u n c e r t a i n t y  i n  t h e  
a t t i t u d e  error  assuming t h a t  t h e  i n i t i a l  a t t i t u d e  e r r o r  
c o v a r i a n c e  m a t r i x  and t h e  measurement error estimates used i n  
t h e  s i m u l a t i o n  c o r r e c t l y  r e p r e s e n t  t h e  cor responding  real- 
world q u a n t i t i e s  and t h a t  t h e  system dynamics model i s  va l id .  

A major q u e s t i o n  concerning t h e  Kalman f i l t e r  a t -  
t i t u d e  estimator is:  How long does t h e  f i l t e r  t a k e  t o  r educe  
t h e  i n i t i a l  a t t i t u d e  es t imate  error t o  an  a c c e p t a b l e  v a l u e ?  
The r e s u l t s  of t h e  a n a l y s i s  d e s c r i b e d  i n  t h i s  m e m o  p r o v i d e  an 
answer t o  t h i s  q u e s t i o n .  
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T h e  Kalinan f i l t e r  a t t i t u d e  e s t i m a t o r  e q u a t i o n s  w e r e  
developed as i n d i c a t e d  i n  Appendix B. The s t a t e  v e c t o r  t o  be 
e s t i m a t e d  i s  

where e ,  $ are t h e  o r i e n t a t i o n  a n g l e s  of t h e  s p i n  a x i s  as 
shown i n  F ig .  1. The measured q u a n t i t y  i s  t h e  a n g l e ,  4 ,  
between t h e  s u b s a t e l l i t e  s p i n  a x i s  and t h e  l i n e - o f - s i g h t  
t o  t h e  sun .  Covariance mat r ix  updates  co r re spond ing  t o  measure- 
ment t i m e s  w e r e  i n c o r p o r a t e d  p e r i o d i c a l l y  each o r b i t a l  revolu-  
t i o n .  The t r a n s i t i o n  m a t r i x  used t o  p ropaga te  t h e  s t a t e  
c o v a r i a n c e  m a t r i x  f r o m  one measurement t i m e  t o  t h e  n e x t  w a s  
de te rmined  numer i ca l ly  a s  o u t l i n e d  i n  Appendix B. The funda- 
men ta l  f i l t e r  e q u a t i o n s  used i n  t h e  s i m u l a t i o n  w e r e  eq.  ( B - 7 )  
and (B-10)  of  Appendix B. 

I n  t h i s  a n a l y s i s  i t  was assumed t h a t  t h e  s u b s a t e l l i t e  
i s  a r i g i d  body s p i n n i n g  about  i t s  a x i s  of symmetry. T h i s  
assumption i s  r e a l i s t i c ,  s i n c e  t h e  wobble damper i s  des igned  
t o  reduce  t h e  n u t a t i o n  of t h e  s a t e l l i t e  t o  less t h a n  1 / 2  deg ree  
2 6  hour s  a f t e r  s u b s a t e l l i t e  deployment. 

The p r e c e s s i o n  r a t e  e q u a t i o n s  f o r  t h e  s u b s a t e l l i t e  
a n g u l a r  momentum v e c t o r  w e r e  developed a s  i n d i c a t e d  i n  
Appendix A. A previously-developed ( 3 )  e x p r e s s i o n  provided  
the average  g r a v i t y  g r a d i e n t  t o r q u e  on t h e  s p i n - s t a b i l i z e d  
s a t e l l i t e  p e r  o r b i t a l  r e v o l u t i o n .  T h i s  average  t o r q u e  i s  a 
f u n c t i o n  of t h e  o r b i t a l  e lements  a ,  e ,  i, R as w e l l  a s  t h e  
s a t e l l i t e  a t t i t u d e  ana moments of  i n e r t i a .  A computer program 
w a s  used t o  g e n e r a t e  and t a b u l a t e  t h e  o r b i t a l  e lements  a s  a 
f u n c t i o n  of t i m e  f o r  t h e  L-1 l u n a r  g r a v i t y  model (4) augmented 
w i t h  t h e  e f f e c t  of t h e  e a r t h ' s  g r a v i t y .  T h i s  e lement  t a b l e a u  
w a s  sampled p e r i o d i c a l l y  and i n t e r p o l a t e d  t o  o b t a i n  e lements  
f o r  t h e  g r a v i t y  g r a d i e n t  t o rque  e x p r e s s i o n .  A computer program 
w a s  used t o  i n t e g r a t e  numer ica l ly  t h e  p r e c e s s i o n  r a t e  e q u a t i o n s  
and t o  produce t h e  o r i e n t a t i o n  of t h e  s p i n  a x i s  as a f u n c t i o n  
of  t i m e .  One o r b i t a l  p e r i o d  w a s  used a s  t h e  i n t e g r a t i o n  
i n t e r v a l ,  and t h e  s p i n  a x i s  o r i e n t a t i o n  a n g l e s  w e r e  r eco rded  
a t  one  day i n t e r v a l s .  

The v a r i a n c e s  of t h e  s p h e r i c a l  c o o r d i n a t e  a n g l e s  
8 and $ cannot  be  added d i r e c t l y  t o  y i e l d  a single-number 
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variance for the attitude pointing error. The angles a and 
B defined in Appendix €3 are introduced to formulate a single- 
number attitude pointing error related to the state vector 
errors. The output of this simulation is the root-sum- 
square error angle 

R S S  = FT7 B 
c1 

where u = variance of angle a 

u = variance of angle 6 
a 

B 

The relationship between the attitude error angles and errors 
in the state vector elements as developed in Appendix B are: 

2 
ctn 8 

6 e = ~ + ~  a 

a 6 $  = - sin e 

The non-linear term in the 6 8  expression is small when 
8 > loo so that normally distributed errors remain approxi- 
mately normally distributed through the transformation. 
(During this attitude determination simulation, 8 > 18O.) 
The standard deviations for the error angles are given by 

B 
cI = c I  e 

U 
c1 

c J =  
JI sin e 

which are the relationships used in the computer simulation. 

The orbit used for the filter simulation was one 
considered typical of a J-mission. It was 60 NM altitude, 
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nearly circular, with ascending node and inclination equal to 
the third revolution of the A p o l l o  8 lunar orbit. The initial 
elements of the orbit were: 

R = ascending node = -171.99" 

i = inclination = 146.42" 

a = semi-major axis = 6.066961924 x lo6 ft. 

0.001 - e = eccentricity - 

The filter simulation was initialized with an 
estimated state error covariance matrix corresponding to a 
pointing error apportioned equally in the Q and B directions. 
Initial pointing errors of 5" and 10" were used, since these 
were representative of an available estimate of 8.07" by TRW. (1) 

Several values of measurement error standard devia- 
tion between 0.1" and 2" were used to assess the effect of 
measurement error on the response time of the filter. 

4. RESULTS 

The RSS angle estimation error of the spin axis for 
several measurement sigmas is shown in Fig. 2 for an initial 
10" attitude error apportioned equally between angles Q and 
6. The first few measurements reduce the error in the measure- 
ment angle plane (plane of + )  but have little effect on the 
error normal to the measurement plane. Consequently, in 
Fig. 2 the RSS error is reduced from its initial 10" value to 
about 7" and remains there until the spin axis precession and 
the sunline movement yield a significant component of measure- 
ment angle normal to the original angle measurement plane. 

The curves of Fig. 2 show the RSS estimation error 
for a u = 0.5" measurement error, as estimated by TRW, along 
with several other curves for different performance. The 
curves show that a measurement interval of 30 to 90 days 
will be required to reduce an initial ten degree attitude 
uncertainty to a value less than lo, depending upon the 
accuracy of the measurements. 
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The e f f e c t  of t h e  i n i t i a l  a t t i t u d e  estimate error  
can  be seen  by comparing trie curves  o f  F i g .  3 f o r  an i n i t i a l  
error of  5 deg rees  w i t h  cor responding  cu rves  o f  F i g .  2 f o r  
1 0  degrees. I n  bo th  cases t h e  e r r o r  i s  n o t  reduced below 
1 degree  u n t i l  30 t o  9 0  days have e l a p s e d  p e r m i t t i n g  measure- 
ments normal t o  t h e  o r i g i n a l  measurement a n g l e  p l ane .  This  
r e s u l t  shows t h a t  t h e r e  i s  l i t t l e  b e n e f i t  i n  a t t e m p t i n g  t o  
measure t h e  i n i t i a l  a t t i t u d e  Ly photographic  o r  o t h e r  means 
u n l e s s  t h e  a s s o c i a t e d  e r r o r  i s  w i t h i n  t h e  a c c e p t a b l e  r ange  
o f  abou t  1 degree .  An i n i t i a l  measurement which r educes  t h e  
i n i t i a l  a t t i t u d e  error from 10" t o  5" does  n o t  s i g n i f i c a n t l y  
reduce  t h e  response  t i m e  of  t h e  f i l t e r .  

A few runs  w e r e  made t o  v e r i f y  TRW's conc lus ion  
t h a t  t h e  s p i n  a x i s  of t h e  s u b s a t e l l i t e  can be ma in ta ined  
w i t h i n  t h e  r e q u i r e d  35" of a n o r m a l  t o  t h e  e c l i p t i c  d u r i n g  a 
one-year t i m e  p e r i o d  f o r  wedge a n g l e s  as l a r g e  as 45" between 
t h e  o r b i t a l  p l a n e  and t h e  e c l i p t i c .  The d e v i a t i o n  of t h e  s p i n  
a x i s  from t h e  normal t o  t h e  e c l i p t i c  p l a n e  i s  shown i n  F ig .  4 
f o r  a r e p r e s e n t a t i v e  J-mission o r b i t  and f o r  a h i g h l y - i n c l i n e d  
o r b i t .  The r e p r e s e n t a t i v e  o r b i t  produced a maximum d e v i a t i o n  
a n g l e  less t h a n  7'. The h i g h l y - i n c l i n e d  o r b i t  (45" wedge a n g l e  
between o r b i t  p l a n e  and e c l i p t i c  p l a n e )  y i e l d s  a maximum 
d e v i a t i o n  of  t h e  s p i n  a x i s  from t h e  normal t o  t h e  e c l i p t i c  of  
21.7" ,  which i s  w e l l  w i t h i n  t h e  r e q u i r e d  35" l i m i t .  

5 i CONCLLrSION 

These r e s u l t s  i n d i c a t e  t h a t  t h e  s p i n  a x i s  a t t i t u d e  
o f  t h e  s u b s a t e l l i t e  can be e s t ima ted  adequa te ly  u s i n g  on ly  an 
i n i t i a l  a t t i t u d e  estimate and sun  a s p e c t  a n g l e  measurements 
made ove r  a time p e r i o d  of  about 6 0  days.  Ea r ly  a t t i t u d e  
h i s t o r y  of t h e  s a t e l l i t e  can be o b t a i n e d  by i n t e g r a t i n g  cur -  
r e n t  s p i n  a x i s  o r i e n t a t i o n  estimates backward i n  t i m e .  I n  
a d d i t i o n ,  t h e  s p i n  a x i s  should remain accep tab ly  close t o  t h e  
normal t o  t h e  e c l i p t i c  p l ane .  

20 14-WOC-ksc 

Attachments 
Appendix A and B 
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Appendix A 

Development of Precession Rate Equations 

The orientation of the subsatellite momentum vector 
is described by the angles 0 and $ in the selenocentric 
inertial coordinate system shown in Fig. A-1. The unit 
vector along the momentum vector is 

sine COSIJJ + e3 cose -e2 UL = e l  sine sin$ - 

The gravity gradient torque will be 
4 ,  j, k right-hand, orthogonal unit 
u and-i - lies in the xy plane. The -L 
is : 

described in terms of the 
vectors where k lies along 
rotation-dynamics equation 

where 

N - = torque vector 

L - = angular momentum vector 

ki = unit base vectors in satellite body axes 

ii = components of rate of change of the magnitude 
of the satellite momentum vector 

- Q = satellite angular velocity vector 

Since the satellite spin rate is assumed constant, the magni- 
tude of L - is constant, Li = 0 and eq. (A-1)  reduces to 



Z 

x : TO VERNAL EQUINOX OF DATE 
y : COMPLETES RIGHT HAND SYSTEM 
z : PARALLEL TO EARTH POLAR AXIS 

g~ = UNIT VECTOR ALONG SUBSATELLITE ANGULAR MOMENTUM VECTOR 

FIGURE A-I  - DEFINITION OF SPIN AXISORIENTATION VECTOR. 
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where 

The g r a v i t y  g r a d i e n t  t o r q u e  arises p r i n c i p a l l y  from 
t h e  s p h e r i c a l  p o r t i o n  of t h e  g r a v i t y  f i e l d .  The e f fec t  of 
o b l a t e n e s s  i s  o f  t h e  o r d e r  of J20 of  t h e  s p h e r i c a l  f i e l d ,  
where  J20 i s  t h e  f i r s t  zona l  harmonic. ( 5 )  

g r a v i t y  g r a d i e n t  t o r q u e  w i l l  be n e g l e c t e d .  Higher harmonic 
t e r m s  of t h e  l u n a r  g r a v i t y  f i e l d  w i l l  a l s o  be  n e g l e c t e d  s i n c e  
t h e i r  i n d i v i d u a l  e f f e c t  on t h e  g r a v i t y  g r a d i e n t  t o r q u e  w i l l  
be s m a l l e r  t h a n  t h e  o b l a t e n e s s  t e r m  and s i n c e  t h e i r  combined 
effect  i s  n o t  l i k e l y  t o  produce r e in fo rcemen t .  

For t h e  l u n a r  f i e l d  

= 2 . 0 7 1  x so t h a t  the o b l a t e n e s s  e f f e c t  on  t h e  J 2 0  

The t o r q u e s  due t o  t h e  e a r t h  and t h e  sun g r a v i t y  g ra -  
d i e n t s  and t o  t h e  magnet ic  moment are  also s m a l l .  E s t i m a t e s  cf 
t h e  maximum i n s t a n t a n e o u s  magnitudes of  t h e s e  t o r q u e s  r e l a t ive  
t o  the  maximum i n s t a n t a n e o u s  maunitude o f  t h e  l u n a r  g r a v i t y  
q r a d i e n t  are: 

E a r t h  Grav i ty  Gradien t :  

Sun Gravi ty  Gradien t :  

Magnetic Moment: 

The maximum magnitude of  t h e  t o r q u e  due t o  t h e  s o l a r  r a d i a t i o n  
p r e s s u r e  as e s t i m a t e d  w i t h  a v a i l a b l e  v e h i c l e  d a t a  is  of t h e  
o r d e r  of 5% of t h e  maximum l u n a r  g r a v i t y  g r a d i e n t  t o r q u e .  
T h i s  r e l a t i v e l y  l a r g e  estimate and t h e  u n c e r t a i n t y  i n  t h e  
estimate s u g g e s t  t h a t  s p e c i a l  v e h i c l e  d e s i g n  may b e  r e q u i r e d  
t o  s u p p r e s s  t h e  so l a r  r a d i a t i o n  to rque .  Accurate  estimates of 
t h i s  t o r q u e  must await t h e  a v a i l a b i l i t y  of  c e n t e r  of g r a v i t y  
l o c a t i o n  in fo rma t ion  and t h e  k inds  and d i s t r i b u t i o n s  o f  s u r -  
f ace c o a t i n g s .  

The g r a v i t y  g r a d i e n t  t o r q u e  on t h e  s a t e l l i t e  
ave raged  ove r  one p e r i o d  is ( 3 )  
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= F { [ s i n i  cos6 cos(fi-$)-cosi s i n o l i  - + s i n i  s i n ( n - $ ) i )  (A-5) 

where 

6 a 2  (13-1) 
[cosi c o s e + s i n i  s i n e  cos  (fi-$) 1 3/2 F =  

~ ~ ~ ( 1 - e  2 

I3 = moment of i n e r t i a  of s a t e l l i t e  about  i t s  s p i n  
a x i s  

I = moment of i n e r t i a  t r a n s v e r s e  t o  s p i n  a x i s  

Tn = p e r i o d  of o r b i t  

e = e c c e n t r i c i t y  

i = i n c l i n a t i o n  of o r b i t  

R = ascending  node of o r b i t  

S u b s t i t u t i n g  eqs .  (A-31 ,  (A-4) , (A-5 )  i n t o  (A-2) , t h e  p r e c e s s i o n  
ra tes  are g iven  by 

[ s i n i  cose cos (n-$) -cosi  s i n e ]  ( A - 6 )  
F ' = Lsine  

6 = -E  s i n i  s i n ( n - + )  (A-7)  L 

These a n g u l a r  r a t e s  are numer ica l ly  i n t e g r a t e d  i n  t h e  computer 
program t o  produce t h e  s a t e l l i t e  s p i n  a x i s  E u l e r  a n g l e s .  
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Appendix €3 

Development of Kalman Filter Attitude Estimator Equations 

The system is modeled as a state equation and a 
measurement relation. 

where: 
r l  

5 = 1; J = state vector 

4 = measured solar aspect angle (angle between 
vehicle axis of symmetry and the direction to 
the sun) 

u = unit vector directed toward sun 
-S 

v = white, Gaussian measurement noise 

L, - -  N defined in Appendix A 

Eq. (B-1 )  is given by eqs. ( A - 6 )  and (A-7). The measurement 
relation can be developed from the vectors of Fig. B-1. 
The unit vector along the spin axis of the satellite is given 
by 

sine sin$ - e sine cos$ + e3 cose (B-3) UL = e l  -2 

The unit vector normal to the ecliptic is 



U 
-L t 

Y 

X 

El,e2,e3 = UNIT VECTORS IN SELENOCENTRIC INERTIAL COORDINATES 

-UE = UNIT VECTOR NORMAL TO ECLIPTIC PLANE 

-"L = UNIT VECTOR ALONG SATELLITE ANGULAR MOMENTUM VECTOR, C 

-"s = UNIT VECTOR ALONG DIRECTION TO SUN 

FIGURE B-1 - GEOMETRY OF VECTORS FOR ATTITUDE ESTIMATION. 
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- - -,e2 sin€ + e3 COSE ( B - 4 )  

where E = obliquity of the ecliptic 223.45O. For the present 
analysis the unit vector directed toward the sun will be 
developed in terms of the mean orbital rate of the earth 
about the sun. In the real-time filter, however, the sun 
direction vector determined by precise astronomical measure- 
ments would, of course, be used. This simplification for this 
analysis is justified since no estimate of attitude is made 
based on experimental data. The unit vector directed toward 
the sun is normal to gE and is given by 

us = -el cosw(t-T) + e2 sinw(t-T) COSE + g 3  sinw(t-T) sins (B-5) 

where 0 = mean orbital rate of the earth about the sun 

t-T = time since vernal equinox 

T = time of vernal equinox 

The cosine of the measured sun aspect angle is given by 

cos+ = u 'U -L - s  

cos$ = sin0 sin$ cosw(t-T) - sine cos$ sinw(t-T) COSE + 

+ cos0 sinw(t-T) sin€ 

The Kalman filter equations have aeen described in 
(6) numerous places and are given by 
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h ^-1 w = E+ IiQ 

A h A rn 

(B-10) 

where x - = s ta te  vec to r  

+ = measurement vec to r  ( s c a l a r  i n  t h i s  c a s e )  
r 

E = estimated covariance mat r ix  of x - 
h h 

E - = En I = estimated covariance mat r ix  a f t e r  propagat ion 
by t r a n s i t i o n  mat r ix  and p r i o r  t o  inco rpora t ion  
of measurement d a t a  

E+ = es t imated  covariance mat r ix  a f t e r  i nco rpora t ion  
h 

of measurement d a t a  
h 

Q = estimated covariance mat r ix  of + (simply t n e  
estimated var iance  of $ i n  t h i s  case, s i n c e  
4 i s  a s c a l a r )  

= t r a n s i t i o n  matr ix  of x - 'n, n-1 
W = f i l t e r  weighting mat r ix ,  which minimizes t h e  

t r a c e  of E+ 

T h e  elements of I3 are der ived from eq. (B-6) as 

a +  - 
a e  - - -  1 

s i n +  (cl cose s i n +  - c cose cos+ - C3 s i n e )  2 

(C, sine cos+ + C2 s i n e  s i n + )  ? A = -  1 
a $  s i n +  

(B-11) 

(B-12) 
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where C1 = cosw(t-T) 

C2 = sinw(t-T) COSE 

C3 = sinw(t-T) sin€ 

In the present analysis, eq. (B-10) was used to 
propagate the covariance matrix between measurement points, 
and eq. (B-7 )  was used to update the covariance matrix at 
measurement points. The results expressed in terms of orienta- 
tion angular errors correspond to correctly estimated initial 
state error and measurement error and to a valid system 
model. 

The spin axis orientation error can be expressed 
as the root-sum-square of the a and B error components defined 
in Fig. B-2. The computed attitude error is 

2 2  
e RSS = J&2-+," = /a sine +a 

a B  $ 

2 2 where u , a = variances of a, respectively. 
ci B 

These a and B angles are introduced to generate a single- 
number attitude error estimate for this analysis. The real- 
time filter wopld simply have the attitude error estimates 
stored in the E covariance matrix. 

The transition matrix for vector 5 must be determined 
from eq. ( B - 1 ) :  This non-linear equation would yield rather 
lengthy expressions in linearized form. An alternative is 
to compute the transition matrix numerically by injecting 
small variations in the state vector elements, numerically 
integrating eq. (B-1 )  and differencing the result produced 
at the later time. This alternative, which was used in this 
analysis, provided the transition matrix as follows: 



sin 8 = tan a ctn dJ/  

de = B + g2ctn e 
2 

de= B 

Y 

FIGURE 8-2 - DEFINITION OF ATTITUDE ERROR ANGLES. 

~~ ~ 



c 

8 
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where 5 1  

@12 

@21 

@22 

A B  

These expressions were used with A8, A +  = 1/2" in 
program to generate the transition matrix. 

the computer 
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